Abstract. R. Beheshti showed that, for a smooth Fano hypersurface X of degree 8 over the complex number field C, the dimension of the space of lines lying in X is equal to the expected dimension.
Introduction
Let X ⊂ P n be a hypersurface of degree d over the complex number field C. We define R e (X) to be the space of smooth rational curves of degree e in P n lying in X, which is an open subscheme of the Hilbert scheme Hilb et+1 (X). The number (n + 1 − d)e + n − 4 is called the expected dimension of R e (X), where the dimension of R e (X) at C is greater than or equal to this number if there exists C ∈ R e (X) such that X is smooth along C. The space of rational curves on a general Fano hypersurface have been studied by many authors ( [5] , [8] , [9] , [14] , [4] , [12] in characteristic zero; [10, V, §4] , [7] in any characteristic). At least for e = 1, 2, it is well known that R e (X) has the expected dimension if X is a general Fano hypersurface.
On the other hand, it is difficult to know about R e (X) for any smooth X ⊂ P n . For n exponentially large in d, T. D. Browning and P. Vishe [5] showed that the space of rational curves of any degree e on smooth X has the expected dimension.
For any n in the case of e = 1, as an answer of the question which was asked by O. Debarre and J. de Jong independently, R. Beheshti [2] showed that R 1 (X) has the expected dimension if X ⊂ P n is a smooth Fano hypersurface of degree d 6.
J. M. Landsberg and C. Robles [11] gave another proof for the same degree d 6.
Beheshti [3] later showed the same statement for d 8.
In the case of e = 2, A. Collino, J. P. Murre, G. E. Welters [6] studied R 2 (X) for a smooth quadric 3-fold X ⊂ P 4 ; in this case, R 2 (X) has the expected dimension. Note that Hilb 2t+1 (X) is connected for any smooth hypersurface X ⊂ P n if the expected dimension is positive [7, Proposition 5.6] .
In this paper, we study the dimension of R 2 (X) for a smooth Fano hypersurface of degree d 6. Our main result is the following. Theorem 1.1. Let X ⊂ P n be a smooth Fano hypersurface of degree d 6 over
where C = P 2 ⊂ P n is the 2-plane spanned by C. Then dim(R) is equal to the expected dimension 3n − 2d − 2.
general C ∈ R 2 (X). We denote byR the closure in Hilb 2t+1 (X). Let
be the universal family of R, and let π : U → R and ev : U → X be the first and second projections. For a subset A ⊂ R, we write U A := π −1 (A) and Loc(A) := ev(U A ) = C∈A C ⊂ X.
We write R x ⊂ R to be the set of C ∈ R passing through x ∈ X, and write R xy = R x ∩ R y ⊂ R, the set of C ∈ R passing through x, y ∈ X.
We set S 1 · · · S m ⊂ P n to be the linear variety spanned by subsets S 1 , . . . , S m ⊂ P n . For example, xy ⊂ P n is the line passing through x, y ∈ P n , and C ⊂ P n is the 2-plane spanned by C for a conic C ⊂ P n .
The condition (1) in Theorem 1.1 gives the following basic property for R xy .
xy and z ∈ C such that M := xyz = C ⊂ X. Then M ∩ X is a union of finitely many curves. Since any conic C ∈ π(ev −1 (z) ∩ U R ′ xy ) satisfiesC ⊂ M, it coincides with a component of M ∩ X. Hence the fiber ev −1 (z) ∩ U R ′ xy must be a finite set.
We set Y := Loc(R) ⊂ X, the locus swept out by conics C ∈ R, which is non-linear since C ⊂ X for general C. Let us consider the projection
whose fiber at (x, y) ∈ Y × Y is isomorphic to R xy . Considering U × R U → R, we have dim U × R U = r + 2. Note that ev (2) is dominant if and only if Loc(R x ) = Y holds for general x ∈ Y . Remark 2.2. Assume that dim R is greater than the expected dimension. Then the locus Y is much smaller than X. More precisely, by a result of R. Beheshti [3, Theorem 3.2(b)], it holds that dim Y n − 3. We immediately have dim Y n − 2; this is because if X = Y = Loc(R) (i.e., dim Y = n − 1) in characteristic zero, then R has a free curve C and then R must have expected dimension. Beheshti's result gives the inequity which is sharper than this. Proof. We have dim Y n − 3 due to Beheshti's result as we saw in Remark 2.2. Let (C, x, y) ∈ U × R U be general. Since Loc(R xy ) ⊂ Y , it follows from the morphism (2) and Lemma 2.1 that (r + 2 − 2 dim(Y )) + 1 dim(Y ). Hence r + 3 − 3 dim(Y ) 0. By assumption, r 3n − 2d − 1. Thus
Since dim Y n − 3, we have 11 − 2d 0; hence d = 6. Therefore n − 10/3 dim(Y ); hence dim(Y ) = n − 3.
By the above lemma, let us study the case (d, dim Y ) = (6, n − 3), and assume that r := dim R is greater than the expected dimension, that is to say,
Note that for any
Hereafter we will use several projective techniques in order to study Y . Remark 2.5. We sometimes consider the Gauss map of a variety Z ⊂ P n , which is a rational map
sending a smooth point x ∈ Z to the embedded tangent space T x Z ⊂ P n at x. A general fiber of γ Z is a linear variety of P n in characteristic zero (in particular, irreducible). The map γ Z is a finite morphism if Z is smooth. See [15, I, §2].
We write (P n ) ∨ = G(n − 1, P n ), the space of hyperplanes of P n . For a linear subvariety A ⊂ P n , we denote by A * ⊂ (P n ) ∨ the set of hyperplanes containing A. In addition, for a subset B ⊂ P n , we set Cone A (B) := x∈B A, x ⊂ P n , the cone of B with vertex A.
Let us consider the linear variety Y ⊂ P
n spanned by the locus Y ⊂ X. The following proposition states Y cannot be so small in P n .
Proof. Since Y is non-linear, we immediately have dim Y > n − 3. Now assume that Y is an (n − 2)-plane. We need to show two claims.
Proof. Suppose that a general conic C ∈ R satisfies C ∩ Sing Y = ∅. Since Y = Loc(R) and the characteristic is zero, C is free in Y . Then R 2 (Y ) is smooth at C and has the expected dimension
From Claim 2.8, we may indeed assume
for an irreducible component S ⊂ Sing Y . Note that dim S 1.
First we consider the case n > 6. Let C 0 ∈ R be a general conic such that C 0 ⊂ X, and take x, y ∈ C 0 \ S be general. From (4), we have dim R xy n − 5 2. Let R ′ xy ⊂ R xy be an irreducible component containing C 0 , and take (R ′ xy )
• ⊂ R ′ xy to be the set of C satisfying C ⊂ X. Then, for any C ∈ (R ′ xy )
• and s ∈ C ∩ S, we have xys = C ⊂ X. From Lemma 2.1, for the morphism
Next we consider the case n = 6, and complete the proof in the following four steps. Note that Y = P 4 ⊂ P 6 .
Step 1. We show that S ⊂ C 0 for general C 0 ∈ R, and also show that S ⊂ M for a general 3-plane M ⊂ Y containing C 0 .
Suppose S ⊂ C 0 for general C 0 ∈ R, and take x, y ∈ Y be general points. We can assume y / ∈ Cone x (S). Since dim R xy n − 5 1, taking general C, C ′ ∈ R xy with C = C ′ , we have S ⊂ C ∩ C ′ = xy , a contradiction. If S ⊂ M for a general 3-plane M containing C 0 , then we can also take another generalM = M, and then C 0 = M ∩M ⊃ S, a contradiction.
Step 2. We consider
which is a P 1 -bundle over R; in particular, dim W 6. Let pr 2 : W → Y ∨ be the projection to the second factor.
For general (C 0 , M) ∈ W , take R M to be an irreducible component of R∩R 2 (M) containing C 0 . We may assume that a general conic C ∈ R M satisfies C ⊂ X.
Step 3. Assume dim pr 2 (W ) 3. Then we have dim R M 3, which implies that
we find that C ∩ S = ∅, which contradicts the condition (5).
Step 4. Assume dim pr 2 (W ) = 4, that is, pr 2 
, which is a surface whose degree is equal to deg Y = 6.
Since S ∩ M is a finite set, we may assume that there exists s ∈ S ∩ M such that
and consider the surjective map U R M ∩Rxs → Y M , we findC ∈ R M ∩ R xs such that
x, y, s ∈C. Then C = xys = C , which implies thatC ⊂ Y M ∩ C . By the choice of x, it follows C ⊂C. Then C =C, which implies y ∈ C, a contradiction.
is a general point if so is C ∈ R M . As in Remark 2.5, the general fiber γ −1 ( C ) is a linear variety, which contradicts
3. Special point of a conic: the embedded tangent space at the point containing the conic
We use the notations of §2. From Lemma 2.3, we may assume (d, dim Y ) = (6, n − 3) and the formula (3).
Lemma 3.1. Let (C, x) ∈ U. Then the following holds.
(a) C ⊂ T x X if and only if
and only if one of the following conditions holds:
Proof. (a) Since X ⊂ P n is a hypersurface and C is a smooth conic, if C ⊂ T x X, then we have
(b) It is sufficient to consider the case when C ⊂ X. If C ⊂ T x X, then C ⊂ T x X, and then C ∩ X is singular at x. This means that (ii) or (iii) holds.
For a smooth conic C ⊂ X, we always have a point x ∈ C satisfying C ⊂ T x X, as follows. Since deg(X) = 6, if (i) and (ii) does not hold, then we have a curve E = C in C ∩ X, and have a point x ∈ C ∩ E ⊂ C = P 2 as in (iii).
sending (C, x, y, z) → (y, z). Let F yz be an irreducible component of the fiber of pr 34 at a general (y, z) ∈ Y × Y . We identify F yz and its image in U ⋆ under the projection pr 12 : (C, x, y, z) → (C, x).
Let us consider
Suppose that the closure of the left hand side is equal to Y . Then (b) implies
In the same way,
n is an (n − 2)-plane, which contradicts Proposition 2.6.
Hence the closure of (C,x)∈Fyz: general Loc(R
n − 4, the assertion follows. in (a) above, we can take a hyperplaneH ⊂ P n containingM as a general element of (P n ) ∨ , and then (C,H) ∈ R × (P n ) ∨ , which means that q is dominant.
Considering the projection to the first factor, we find that the dimension of the left hand side of q is r + n − 3. Thus a general fiber of q is of dimension r − 3.
Remark 3.10. It is known that if a smooth hypersurface in P n of degree > 2 contains an m-dimensional quadric hypersurface, then m (n − 1)/2. Thus Corollary 3.9(a) implies n 7.
Remark 3.11. By induction on n, it is sufficient to show Theorem 1.1 in the case of n = 6. We see the details in the following. Let n > 6 and let R ⊂ R 2 (X) be an irreducible component.
Assume (d, dim Y ) = (6, n − 3) and the formula (3), i.e., r := dim R is greater than the expected one. Since q is dominant as in Corollary 3.9(b), a fiber of q at general H ∈ (P n ) ∨ , which identified with R ∩ R 2 (X ∩ H), is of dimension r − 3. Again since q is dominant, we may take a conic C ⊂ H as a general member of R. Then we may take an irreducible component
n−1 is smooth. Once Theorem 1.1 is proved for n − 1, we have a contradiction since dim R ′ must be equal to the expected dimension 3(n − 1) − 14.
Using the above results and notations, we now prove the main theorem.
Proof of Theorem 1.1. Let R = ∅ be an irreducible component of R 2 (X) satisfying the condition (1), and assume that r := dim R is greater than the expected dimension. From Lemma 2.3, Corollary 3.9(b), and Remark 3.11, we may assume n = d = 6 and dim Y = 3. Then r 5. Our first goal is to show that Y ⊂ P 6 is of dimension 5. Set Q yz ⊂ Y to be the surface Loc(R ′ yz ) for general (C, y, z) ∈ U × R U. Claim 3.13. Q yz is a quadric surface, and
is the unique irreducible component of R yz (resp. Rỹ z ) containingC. We can take x ∈C such that (C, x) is general in U ⋆ . Then Proposition 3.6(d) implies Q yz = Loc(R ⋆ x ′ ) = Qỹ z , which is a quadric as in Corollary 3.9.
For general y, z 1 , z 2 ∈ Y (with some C i such that (C i , y, z i ) is general in U× R U), we write K
Proof. Suppose dim Q yz 1 ∩ Q yz 2 2 for general y, z 1 , z 2 ∈ Y . First we take general points y 0 , z 1 , z 2 ∈ Y . By generality,
where the right hand side contains Q y 0 z 2 ; in fact, it contains the 3-plane Q y 0 z 2 since each Q yz 1 satisfies dim( Q yz 1 ∩ Q y 0 z 2 ) 2. Hence Cone z 1 Y = Cone z 1 Q y 0 z 2 , which is a 4-plane, a contradiction to dim Y 5.
Since 
Step 2. Suppose K
In the same way, Kz Let us complete the proof. By the above claim, Y = P 5 . Take X ′ := X ∩ Y . Since the Gauss map γ = γ X : X → (P 6 ) ∨ is finite, X ′ is singular at most finitely many points (X ′ is singular at x if and only if γ(x) = Y in (P 6 ) ∨ ). In particular, X ′ is irreducible. (This is because, if
where Y ∩ M is a surface of degree 4 as in Claim 3.12 and X ′′ is a smooth 3-fold of degree 6 in P 4 . This is a contradiction since Pic(P 4 ) ≃ Z → Pic(X ′′ ) : O P (1) → O P (1)| X ′′ is isomorphic due to the Lefschetz theorem.
Example 3.17. Let X ⊂ P 7 be the Fermat hypersurface of degree 6. Then P 3 ⊂ X. Thus R 2 (P 3 ) ⊂ R 2 (X) is of dimension 8, and the expected dimension of R 2 (X) is 3n − 2d − 2 = 7. For a general hyperplane P 6 ⊂ P 7 , we have P 2 ⊂ X 1 := X ∩ P 6 . Then R 2 (P 2 ) ⊂ R 2 (X 1 ) is of dimension 5 and the expected dimension of R 2 (X 1 ) is 4.
In these examples, each C ∈ R 2 (P 3 ) (resp. C ∈ R 2 (P 2 )) satisfies C ⊂ P 3 ⊂ X (resp. C = P 2 ⊂ X 1 ).
Example 3.18. Let X ⊂ P 10 be the smooth hypersurface of degree 10 defined by the following polynomial, 
